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BLOCKS WITH A QUATERNION DEFECT 
GROUP OVER A 2 -ADIC RING: THE CASE A4 


Thorsten Holm, Radha Kessar, Markus Linckelmann 


Abstract. Except for blocks with a cyclic or Klein four defect group, it is not known 
in general whether the Morita equivalence class of a block algebra over a field of prime 
characteristic determines that of the corresponding block algebra over a p-adic ring. We 
prove this to be the case when the defect group is quaternion of order 8 and the block 
algebra over an algebraically closed field k of characteristic 2 is Morita equivalent to kA^ . 
The main ingredients are Erdmann’s classification of tame blocks [6] and work of Cabanes 
and Picaronny [4, 5] on perfect isometries between tame blocks. 


Introduction 

Throughout these notes, (9 is a complete discrete valuation ring with algebraically 
closed residue held k of characteristic 2 and with quotient held K of characteristic 0. 
According to Erdmann’s classihcation in [6], if G is a hnite group and if 6 is a block of 
OG having the quaternion group Q% of order 8 as defect group, then the block algebra 
kGh is Morita equivalent to either kQ% or kA^ or the principal block algebra of kA^, 
where here h is the canonical image of b in kG. In the hrst case the block is it nilpotent 
(cf. [3]), and it follows from Puig’s structure theorem of nilpotent blocks in [8] that 
OGb is Morita equivalent to OQg. In the remaining two cases one should expect that 
OGb is Morita equivalent to OA4 or the principal block algebra of OA5, respectively. 
We show this to be true in one of these two cases under the assumption that K is large 
enough: 

Theorem A. Let G be a finite group, and let b be a block of OG having a quaternion 
defect group of order 8 . Denote by b the image of b in kG. Assume that KGb is split. 
If kGh is Morita equivalent to /cAq then OGb is Morita equivalent to OA 4 . 

By Cabanes-Picaronny [4, 5], in the situation of Theorem A there is a perfect isom¬ 
etry between the character groups of OGb and of OA 4 . Thus Theorem A is a con¬ 
sequence of the following slightly more general Theorem which characterises OGb in 
terms of its center, its character group and /cAt; see the end of this section for more 
details regarding the notation. 
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Theorem B. Let A be an O-free O-algebra such that K ® A is split semi-simple 

o 

and such that k ® A is Morita equivalent to kA^. Assume that there is an isometry 

o _ 

$ : ZlrrK(^) = lAirK^OA^) which maps Proj(A) to Vro^^OA^) such that the map 
sending e{x) to e($(x)) for every x ^ hrK(^) induces an O-algebra isomorphism of 
the centers Z{A) = Z{OA 4 ). Then A is Morita equivalent to OA 4 . 

Theorem B is in turn a consequence of the more precise Theorem C, describing A 
in terms of generators and relations: 

Theorem C. Let A be a basic O-free O-algebra such that K ® A is split semi-simple 

o 

and such that k ® A is isomorphic to kA^. Assume that there is an isometry $ : 
e> _ 

IjlrrK{A) = lArrKiOA^) which maps Proj(A) to Tto^^OA^) such that the map sending 
e(x) to e($(x)) for every x ^ Ii'rx(^) induces an O-algebra isomorphism of the centers 
Z{A) = Z{ 0 A 4 ). Then A is isomorphic to the unitary O-algebra with set of generators 
{eo, ei, 62 , /3, 7 , 5, rj, A, k} of A, such that eo, ei, 62 are pairwise orthogonal idempotents 
whose sum is 1 and satisfying the following relations: 

/3 = eo /3 = / 3 ei, 7 = ei7 = 760 ; 

5 ^ ei5 = 5e2, r] = 62 ?? = ryei ; 

A = e 2 A = Aeo, k = cqk = Ke2 ; 
jdd — —2 k + kXk ; rjx = —2A + \k\ ; 5\ = —27 + 7/37 ; 

KT] = —2/3 + /3xl3 ; A/3 = —2r] + rjdrj ; = “25 + 5rj5 ; 


7/35 = 

= —45 + 25rj5 ; 

5?77 = 

-47 + 27/37 ; 

Xkt] = 

—4r] + 2r]5rj ; 

/37«: = 

—Ak + 2k\k ; 

pSX = 

—4A T 2XkX ; 

kXP — 

-4/3 + 2 / 37/3 ; 

?77/3 = 

= —4?7 + 2r]dr] ; 

(3Sr] ~ 

-4/3 + 2/37/3; 

SXk = 

—45 + 2Sr]S ; 

A /37 = 

—4A T 2XkX ; 

Krjd — 

—4k + 2kXk ; 

7«:A = 

-47 + 27/37 ; 

/35A/3 = 

-8/3 + 4 / 37/3 ; 

5A/35 = 

= —85 + 45?75 ; 

A/35A = 

= —8A + 4A^^A ; 


When reduced modulo 2, these relations seem to be more than those occuring in 
Erdmann’s work [6] over k (we recall these more precisely in §2); but they are not, 
since the extra relations over k can be deduced from those given by Erdmann. We 
need to add in extra relations over O in order to ensure that the algebra we construct 
is (P-free of the right rank. 

Since OA 4 fulfills the hypotheses of Theorem C it follows that A = OA 4 , hence 
Theorem C indeed implies Theorem B. The proof of Theorem C is given at the end of 
Section 2. 
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Notation. If A is an (9-algebra such that K ^ A is split semi-simple, we denote by 

o 

Irrx(^) the set of characters of the simple K ® A-modules, viewed as central functions 

o 

from A to O and we denote by Irrfc(/c ® A) the set of isomorphism classes of simple 

o 

k ® A-modules. We denote by Zlrrx(A) the group of characters of A, and we denote 
o 

by Proj(A) the subgroup of Zlrrx(A) generated by the characters of the projective 

indecomposable A-modules. We denote by L^{A) the subgroup of Zlrri^(A) of all 

elements which are orthogonal to Proj(A) with respect to the usual scalar product 

in Zlrrx(^)- For any y G Irrx(^), we denote by e(x) the corresponding primitive 

idempotent in ZiK ® A), li A = OG for some hnite group G we have the well-known 

o 

formula 

e(x) = X{x~^)x . 

I I xeG 

We refer to [1, 2] for the concept and basic properties of perfect isometries, and to [9] 
for general block theoretic background material. 

1 Characters and perfect isometries of OA 4 


We identify A 4 = Qs G 3 . Let t be a generator of G 3 and let y be an element of 
order A in Q 3 . Set z = that is, z is the unique central involution of A 4 . Then 
the seven elements 1, z, y, t, tz, t^z are a complete set of representatives of the 
conjugacy classes in A4. 

Let a; be a primitive third root of unity in O. The character table of A 4 is as follows: 



1 

z 

y 

t 


tz 

t^z 

ho 

1 

1 

1 

1 

1 

1 

1 

hi 

1 

1 

1 

u 


u 


h2 

1 

1 

1 


u 


u 

h3 

3 

3 

-1 

0 

0 

0 

0 

h4 

2 

-2 

0 

-(.c;2 

—u 


u 

h5 

2 

-2 

0 

—u 


u 


he 

2 

-2 

0 

-1 

-1 

1 

1 


The algebra OA 4 has three simple modules Tq, Ti, T 2 , up to isomorphism. Choosing 
for To the trivial module and after possibly exchanging the notation for Ti, T 2 , the 



4 


THORSTEN HOLM, RADHA KESSAR, MARKUS LINCKELMANN 


ordinary decomposition matrix of OA 4 is as follows: 

/I 0 OX 
0 1 0 
0 0 1 
111 
1 1 0 
1 0 1 
Vo 1 1 / 

The Cartan matrix of OA 4 is the prodnct of the decomposition matrix with its 
transpose, hence eqnal to 

4 2 2 
2 4 2 
2 2 4 

Let Co, Cl, 62 be primitive idempotents in OA 4 snch that 0 ^ 46 ^ is a projective cover 
of Tj, 0 < t < 2. By the above decomposition matrix, the characters of the projective 
indecomposable (!lA 4 -modnles 0 ^ 46 * are 

vi+m + m + Vfi , 
h2 + h3 + h5 + he , 

respectively. Their norm is 4, and the differences of any two different characters 
of projective indecomposable (!lA 4 -modnles yields the following fnrther elements in 
Proi{OA 4 ) having also norm 4: 

ho - hi + h5 - he , 
ho - h2 + h4 - he , 
hi - h2 + h4 - h5 • 

It is easy to check, that np to signs, these are all elements in Pyo]{0A 4 ) having norm 

4. 


A self-isometry $ of 1 Aiyk{OA 4 ) maps every rji to for some signs G {1, —1} 

and a permntation tt of {0,1,..., 6}. In other words, $ is determined by the 
permntation r of the set {1,-1} x (0,1,... ,6} satisfying T(l,t) = (ei,7r(t)) and 
r( —l,t) = (—ei,7r(t)) for alH, 0 < i < 6. If we write i, —i instead of (l,t), (—l,t), 
respectively, this becomes r(t) = and r(—i) = —ei7r(i), with the nsnal cancella¬ 

tion rnles for signs. In this way, every self-isometry $ of lAixA 4 ) gets identihed to 
a permntation of the set of symbols (t, —1|0 < t < 6}. 

A perfect self-isometry of JAxyk{OA 4 ) preserves necessarily Proj((!IA 4 ). The next 
Proposition implies that the converse is trne, too: 
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Proposition 1.1. The group of all perfect self-isometries of ZlriKiOA^) is equal to 
the group of all self-isometries of ZlrrKiOA^) which preserve Proj(( 9 A 4 ). This group 
is generated by —Id together with the set of permutations 

(0,1,2)(4,6,5) , 

(1,2)(4,5) , 

(2,-3) (5,- 6 ) . 


Every algebra automorphism of OA 4 induces a permutation on Irr^iOA^) which 
is in fact a perfect isometry on ZlrYxiOA^). Since pi has degree 1, it is an algebra 
homomorphism from OA 4 to (9, and hence the map sending x G OA 4 to rii{x)x is an 
algebra automorphism of OA4 whose inverse sends x G OA4 to ri2{x)x. The following 
statement is an immediate consequence from the character table of OA 4 : 

Lemma 1.2. Let 7 he the algebra automorphism of OA 4 defined by 'y{x) = r]i{x)x for 
all X G OA 4 . The permutation tt 0 / {0,1,, 6 } defined by r]i o ■y = is equal to 
7 r = (0,l,2)(4,6,5). 


The anti-automorphism of OA 4 sending a: G A 4 to x~^ induces also a permutation of 
the set Irrx((P^ 4 ), and this is also a perfect isometry (this holds for any hnite group). 
This permutation can also be read off the character table: 

Lemma 1.3. Let i he the algebra anti-automorphism of OA 4 mapping x & A 4 to x~^. 
The permutation tt 0 / {0,1,... , 6 } defined by rji o i = is equal to tt = (1, 2) (4, 5). 


Proof of 1.1. The hrst two permutations are perfect isometries by 2.2 and 2.3, re¬ 
spectively. An easy but painfully long verihcation shows that the bicharacter sending 
{g, h) G A 4 X A4 to 

r]o{9)Vo{h) +Vi{g)Vi{h) -m{9)V3{h) -r]3{g)V2{h) +V4{g)V4{h) -r]5{g)VG{h) -V6{g)m{h) 

is perfect; that is, its value at any (g, h) is divisible in O by the orders of (g) and 
C^^{h) and it vanishes if exactly one of g^ h has odd order. Thus the isometry given by 
the permutation (2, —3)(5, — 6 ) is perfect. It remains to show that these permutations, 
together with —Id, generate the group of all self-isometries which preserve Proj{OA 4 ). 

We described above a complete list of all elements in Proj((!IA 4 ) having norm 4. 
Since the characters of the projective indecomposable modules are in that list, a self¬ 
isometry $ of ZIrrx((PA 4 ) preserves Proj((PA 4 ) if and only if it permutes this set of 
norm 4 elements. 
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Let $ be a self-isometry of ZIrrx(OA 4 ) which preserves Proj(( 9 A 4 ). Then $ pre¬ 
serves also the group L^(OA4) of generalised characters which are orthogonal to all 
characters in Proj(( 9 A 4 ). Up to signs, the complete list of elements in L^(OA4) having 
norm 3 is 

Vo + Vl - V 4 , Vo + V2 -V 5 , Vo - V 3 + V 6 , 

V1+V2-V6 , Vl -V 3 +V 5 , V2 -V 3 +V 4 ■ 

Up to signs again, the complete list of elements in L^(OA4) having norm 4 is 

ho + ?7i + ?72 - ?73 , 

Vo-Vl -V 5 +V 6 , Vo -V2 -V 4 +V 6 , ho + h3 - h4 - h5 , 

hi - h2 - h4 + h5 , hi + h3 - h4 - he , h2 + h3 - h5 - he ■ 

The hrst norm 4 element in this list, ho + hi + h 2 ~ hs? the only norm 4 element 
which is orthogonal to all other norm 4 elements in L^(OA4). Thus $ has to permute 
the characters r/o, r/i, 172, Vs amongst each other. 

Suppose hrst that $ hxes r/ 3 . Then, by composing $ with a suitable product of 
powers of the hrst two permutations in the statement, we may assume that $ hxes r/o, 
hi, h 2 up to signs. By considering the hrst of the above norm 4 elements in L^(OA 4 ) we 
get that $ hxes r/o, r/i, r /2 all with positive signs. By considering the norm 3 elements 
in L^{ 0 A 4 ), it follows that $ hxes also r/ 4 , 175 and r/o with positive signs. Thus a 
self-isometry of ZIrri^((PA 4 ) which preserves Proj((PA 4 ) and which hxes r /3 is in the 
group generated by the set of two permutations (0,1, 2) (4, 6 , 5) and (1, 2) (4, 5). 

Suppose next that $ does not hx r/ 3 . By precomposing $ with a suitable of power 
of (0,1, 2)(4, 6 , 5) we may assume that $ sends r /2 to —h 3 - By composing $ with a 
suitable power of (0,1, 2 ) (4, 5, 6 ) we may assume that $ hxes r/o, up to a sign. Since $ 
preserves the norm 4 element ho + hi + h 2 ~ h 37 necessarily have $(ho) = ho- Then 
$ maps r/i either to r/i or r /2 (with positive signs, again because of that same norm 4 
element). In the hrst case, $ hxes both r/o, hi? und by checking the norm 3 elements 
in L^{ 0 A 4 ) one gets $ = (2, —3)(5, — 6 ). In the second case, again checking on norm 3 
elements, one gets $ = (1, 2, —3) (4, 5, — 6 ), but this is already the product of (1, 2) (4, 5) 
and (2,—3) (5,— 6 ). □ 


2 The algebra A 

Let A be a basic (9-algebra fulhlling the hypotheses of Theorem B; that is, K ^ A 

o 

is split semi-simple, /c ® A is isomorphic to kA 4 , and there is an isometry Zlrrx{A) = 

^ o 

Zlrrx{OA 4 ) mapping Proj(A) to Proj(( 9 A 4 ) and inducing an isomorphism Z{A) = 
Z(0A4). There is a “compatible choice” for these isomorphisms: 
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Proposition 2.1. There is an algebra isomorphism a : k ® A kA 4 and an isom- 

o 

etry $ : ZlrrK{A) = ZlrrKiOA 4 ) mapping Proj(A) to Tro]{OA 4 ) with the following 
properties: 

(i) $ maps Irrx(A) onto lrrK{OA 4 ); that is, all signs are + 1 . 

(a) The map sending e(x) to e($(x)) for every x ^ induces an isomorphism 

Z(A) ^ Z(0A4). 

(Hi) For any primitive idempotents e G A and f G OA 4 and every x ^ 
such that a{e) = f we have x(e) = $(x)(/); that is, A and OA 4 have the same 
decomposition matrices through a and $. 

Proof. The (9-rank of A is 24 and also the snm of the sqnares of the seven irredncible 
iP-linear characters of A] thns every irredncible character of A has degree smaller than 
5. Also, there is no character of degree 4 becanse 24 — 4^ = 8 cannot be written as a 
snm of six sqnares of the six remaining characters. Bnt there mnst be a character of 
degree 3; if not, 24 wonld be the snm of seven sqnares all either 1 or 4, which is not 
possible. Thns the sqnares of the six remaining characters add np to 24 — 3^ = 15, 
and the only way to do this is with three characters of degree 1 and three characters 
of degree 2 . 

This proves that the character degrees of the irredncible characters of A and of OA 4 

coincide for some bijection Irrx(A) = Irrx(( 9 A 4 ). Since the decomposition matrix of 

A mnltiplied with its transpose yields the Cartan matrix of A - which is eqnal to that 

of kA 4 - the algebra A has in fact the same decomposition matrix as OA 4 for a snitable 

bijection $ : Irrx(A) = Irrx(( 9 A 4 ) and the bijection Irr^ik 0 A) = Irrfc(/cA 4 ) indnced 

o 

by a. Extend $ to a Z-linear isomorphism Zlrr^(A) = ZIrrx(( 9 A 4 ), still denoted by $. 
By constrnction, $ sends the characters of the projective indecomposable A-modnles to 
the characters of the projective indecomposable ( 9 A 4 -modnles; in particnlar, $ maps 
Proj(A) to Proj(( 9 A 4 ). It remains to see that the map sending e(x) to e($(x)) for 
every x ^ indnces an isomorphism Z{A) = Z(OA 4 ). For any i, 0 < i < 6, 

denote by Xi the irredncible character of A snch that $(xi) = hi- As in the proof of 1.1, 
we have a distingnished norm 4 element in Lf{A) which is orthogonal to all other norm 
4 elements in T°(A), namely Xo + Xi +X2 — Xs- Thns, if 4/ : Zlrrx(A) = ZIrrx(( 9 A 4 ) is 
some isometry mapping Proj(A) to Proj(( 9 A 4 ) and indncing an isomorphism Z[A) = 
Z{0A4), then \I/(xo + Xi + X2 - Xa) = ±(ho + hi +h2 - ha)- By Proposition 1.1, there 
is a perfect self-isometry fi of ZIrrx(( 9 A 4 ) snch that $ = o 4/. □ 


Remark 2.2. If we assnme that A is Morita eqnivalent to some block algebra with 
Qs as defect gronp, then Proposition 2.1 follows also from the work of Cabanes and 
Picaronny in [4, 5]. 

Since k® A = kA 4 , the qniver of A is the same as that of /CA 4 , thns of the following 

o 


form: 
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Write a for the image oi a E A \n A = k ® A = kA^. The generators (3, 7, h, k, A, rj 

o 

can be chosen snch that their images in A fnlhll the following relations: 

I3d — R\R , 

fj^ = xrx , 

5X = 7/37 , 

Rf) = (3^(3 , 

X(3 = fjSfj , 

7 ^ = dfjS 

and 

jPS = Sf]^ = XRfj = 0 . 

In order to determine the algebra strnctnre of A, we have to “lift” these relations 
over O. 

We hx an algebra isomorphism a : k ® A kA^ and an isometry $ : Zlrr^(A) = 

o 

lArrKiOA^) satisfying the conclnsions of Proposition 2.1. We denote by Xi fhe nniqne 

irredncible iP-linear character of A snch that $(xi) = Vi alH, 0 < f < 6 . 

The characters rjo, rji, 772 , Vs of OA 4 have height zero, the characters 774 , 775 , rjQ have 

height one. Thns, via the isomorphism of the centers indnced by $, it follows that for 

0 < 7 < 3 we have 8 e(xi) G A, and for 4 < j < 6 we have 4 e(xj) G A. We can in fact 

describe an (P-basis of Z{A) in terms of the centrally primitive idempotents e{xi)- The 

strategy is now to play off the descriptions of Z{k ® A) in terms of the generators in 

o 

the qniver and of Z{A) in terms of the centrally primitive idempotents e(xi)- 
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Lemma 2.3. The following elements of Z{K ® A) are all contained in the radical 
J{Z{A)): 

s = 2e(x4) + 2e(x5) + 2e(x6) , 
zo = 4e(x2) + 4e(x3) + 2e(x4) , 

= 4e(xi) + 4e(x3) + 2e(x5) , 

^2 = 4e(xo) + 4e(x3) + 2e(x6) , 

Vo = 4e(xi) + 4e(x2) + 2e(x4) + 2e(x5) , 

yi = 4e(xo) + 4e(x2) + 2e(x4) + 2e(x6) , 

y 2 = 4e(xo) + 4e(xi) + 2e(x5) + 2e(x6) ■ 

Moreover, for any two different i, j in {0,1, 2} the set 

{1, Zi, Zj, s, 8e(x3), 4e(xi+4), 4e(xj+4)} 


is an O-basis of Z{A). 

Proof. In view of Proposition 2.1 we may assnme that A = OA 4 . This is jnst an 
explicit verihcation, nsing the character table of A 4 . One verihes hrst that zg G A. By 
symmetry, this implies that zi, Z 2 are also in A. Then po — zq -h zi — 8 e(x 3 ) is in A, 
similarly for the yi, 1 / 2 • An eqnally easy compntation shows that s G A. Thns all the 
given elements belong to Z(A). None of these elements is invertible, so they all belong 
to J(Z(A)) becanse Z(A) is local. 

In order to see the last statement on the basis of Z(A), we may assnme that i = 0 
and j = 1. For any x G A 4 denote by x the conjngacy class snm of x in OA 4 . The 
orthogonality relations imply the well-known formnla 


0<m<6 


Xm{x 

Xm(l) 


e(Xm) ■ 


Thns, for the seven conjngacy classes in A 4 , we have 

1 = e(xo) + e(xi) + e(x 2 ) + e(x3) + e(x4) + e(x5) + e(x6) ; 

^ = e(xo) + e(xi) + e(x 2 ) + e(x3) - e(x4) - e(x5) - e(x6) ; 
y = 6 e(xo) + 6 e(xi) + 6 e(x 2 ) - 2e(x3) ; 
t = 4e(xo) + 4w^e(xi) + 4we(x2) - 2we(x4) - 2u‘^e{x5) - 2e(x6) ; 
f = 4e(xo) + 4we(xi) + 4u^e{x2) - 2w^e(x4) - 2we(x5) - 2e(x6) ; 
tz = 4e(xo) + 4w^e(xi) + 4u;e(x2) + 2u;e(x4) + 2u;^e(x5) + 2e(x6) ; 
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== 4e(xo) + 4we(xi) + 4 u;^e(x2) + 2 u;^e(x4) + 2 we(x 5 ) + 2e(x6) ■ 

We show that they are all in the (9-hnear span of the elements in the set 

{1, Zo, Zi, s, 8e(x3), 4e(x4), 4e(x5)} ■ 

Note hrst that 

Z 2 = 4 ■ 1 - Zo - Zi - s + 8e(x3), 

4e(x6) = 2s - 4e(x4) - 4e(x5) 

are in the (9-hnear span of this set. One easily verihes now that 

^ = 1 — s , 

y = 6 ■ 1 - 3s - 8 e(x 3 ) , 

t = u;zo + u;^zi + Z 2 - 4we(x4) - 4w^e(x5) - 4e(x6) , 
f = u^zo + uzi + Z2 - 4u^e(x4) - 4ue(x5) - 4e(x6) , 
tz — UZq -|- U^Zi -|- Z 2 , 
t^Z = U^Zq “ 1 " iOZi -|- Z2 ■ 

This conclndes the proof of 2.3 □ 


The center of A = k 0 A can easily be described in terms of the generators in the 

o 

qniver of A: 

Lemma 2 . 4 . The following set is a k-basis of Z{A). 

{1, + 7/3, RX + Xk, fiS + Sfi, (3SX,SXi3, A/3h} . 

Proof. Straightforward verihcation, nsing (/Sy)^ = PSX and the similar relations for the 
other elements in the given set. □ 

Proposition 2 . 5 . For any primitive idempotent e in A we have Z{A)e — eAe. More¬ 
over, 

(i) the set {eo, 2:060, 4e(x4)eo} is an O-basis ofeoAeo. 

(a) the set {ei, 2064 , 2261 , 4 e(x 4 )ei} is an O-basis ofeiAei; 

(Hi) the set {62, 2462, 2262,4e(x5)e2} is an O-basis 0/62^62. 

Proof. Since Z(A) = Z(OA4) and Z(A) = Z^kA/f), the canonical map A ^ A maps 
Z{A) onto Z{A) and hence Z{A)e onto Z{A)e. By Nakayama’s Lemma, it snfhces to 
show that Z{A)e = eAe. Now dimfc(eAe) = 4 by the Cartan matrix, and so we have 
only to show that dimfc(Z(A)e) = 4. By the symmetry of the qniver of A, we may 
assnme that e corresponds to the vertex labelled 0. Then the set {e, RX, /3SX} is a 
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/c-basis of Z{A)e by 2.4; in particular, dimfc(Z’(A)e) = 4 as required. This shows that 
eAe — Z{A)e. 

In order to prove (i), note that the set 


{eo, 2:0602:160, S60, 86(x3)6o, 46(x4)6o, 46 (x 5 )eo} 


generates egAeo as O-module, by the hrst statement and by the (9-basis of Z(A) 
described in 2.3. Now we have 

86(X3)6o = 22060 - 46(x4)6o , 


46(X5)eo = 22060 - 22160 + 46(x4)6o , 

S 60 = (21 - 2 o + 46 (x4))6o ■ 

Thus the set given in (i) generates egAeo as (9-module, and hence is a basis since the 
(9-rank of 60^60 is 4. The same arguments show (ii), (iii). □ 

Proposition 2.6. We can choose the generators [3, 7 , 5, rj, X, k in such a way that 

(i) A^ is the unique O-pure submodule of Acq with character xs + X 4 ;' 

(ii) AX is the unique O-pure submodule of Acq with character X 3 + X 5 ;' 

(iii) Arj is the unique O-pure submodule of Aei with character xs +X 6 ;' 

(iv) AjS is the unique O-pure submodule of Aei with character xs + X 4 ;' 

(v) An is the unique O-pure submodule of Ae 2 with character xs + X 5 / 

(vi) A5 is the unique O-pure submodule of Ae 2 with character X 3 +X 6 - 

Proof. We are going to prove (i); by the symmetry of the quiver of A one gets all other 

statements. Observe hrst that Af is the unique 5-dimensional submodule of Aeo with 

composition factors 2[5'o], 2[S'!], [5'2]. Indeed, the set { 7 , / 37 , fjx, 7 /? 7 , /? 7 /? 7 } is a /c-basis 

of A 7 , and we have 7 , 7/^7 G eo^eo, yielding the two composition factors isomorphic to 

Sq, we have }3x,Px(3x ^ ciAeo, yielding the two composition factors isomorphic to Si, 

and dually 777 G 62 ^ 60 , yielding the remaining composition factor isomorphic to 82 . 

One checks that there is no other submodule with exactly these composition factors. 

Now there is exactly one (9-pure submodule U of Acq whose reduction modulo J{0) 

has composition series 2[5'o] + 2[5'i] -|- [5'2], namely the unique (9-pure submodule of 

Aeo with character X 3 + X 4 ; this is a direct consequence of the decomposition matrix. 

One constructs U as follows: write K ® Acq — Xq © Xs © X 4 © W 5 , where Xj is 

o 

the unique submodule of iX © Aeo with character xi for 3 ^ |0,3,4,5|, and then 

o 

U = Aeo O (^3 © X 4 ). Take now for 7 any inverse image in U of 7 . Then A 7 C JJ and 
U C Ax + J{0)U. Thus Ax = U hj Nakayama’s Lemma. □ 
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Corollary 2.7. If the generators (3, 7, 5 rj, \, k are chosen such that they fulfill the 
conclusions of 2.6 then, with the notation of 2.3, the following hold. 

(i) yoh = yov = 0. 

(ii) yiX = yiK = 0. 

(in) 1/27 = y2(3 = 0. 


Proposition 2.8. We can choose the generators (3, 7 , S, rj, \, k such that the following 
holds: 

fi-i = zqCq = 4e(x3)eo + 2e(x4)ei; 
j/3 = 2:061 = 4e(x3)ei + 2e(x4)ei; 

St] = ^261 = 4e(x3)ei + 2 e(x 6 )ei; 
rjS = 2262 = 4 e(x 3 )e 2 + 2e(x6)e2; 

Xk = 2162 = 4e(x3)e2 + 2e(x5)e2; 
kX = 2160 = 4e(x3)eo + 2e(x5)eo; 

(3SX = KTix = 8e(x3)eo; 

SX/3 = XKT] = 8e(x3)ei; 

Xfid = rj^K = 8e(x3)e2- 

Proof. In view of the decomposition matrix of A we have cq = e(xo)eo + e(x 3 )eo + 

e(x 4 )eo + e(x 5 )eo- Moreover, the elements e(xo)eo, e(x 3 )eo, e(x 4 )eo, e(x 5 )eo are K- 

linearly independent becanse they are pairwise orthogonal idempotents in K® A. Sim- 

o 

ilar statements hold for ei, 62 - 

We assnme a choice of generators fnlhlling 2.6. We have Afix C A 7 , and the 
snbmodnle A 7 of Aeo has character X 3 + X 4 by 2.6. Thns fix is a iX-linear combination 
of e(x 3 )ei and e(x 4 )ei. Bnt also fix is an (9-hnear combination of the basis elements 
61 , 2061 2161 , 46 (x 4 ) 6 i given in 2.5 in which none of xi, X 5 shows np. Therefore fix is 
in fact an (9-hnear combination of the elements 2060 , 46 (x 4 ) 6 o; say 

fix = inoZoeo + 4z/o6(x4))6o = (4//o6(x3) + 2(//o + 2i'o)e{x4))eo 

for some coefficients no, ^0 G O. Hence 

{fixf ^ (16//oe(x3) + 4(^0 + 2uofe{x4))eo . 

Now {fixY 7 ^ 0, and therefore //q ^ . Set now 

ao = 1 + i 2 qiiq ■ 
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Since G J{Z{A)) by 2.3 we have ag G Z(A)^. A trivial verification, comparing 
coefficients, shows that we have 


/37 = /j,oZoaoeo . 

Since 7 = 617 = 760 , mnltiplying this with 7 on the left yields 


7/^7 = //o^o«oei7 ■ 


Now both 7/3 and /UoZoagei are contained in the pnre snbmodnle A /3 of Aei with 
character X 3 + X 4 ; by 2.6 and the natnre of the element zg- Right mnltiplication by 7 on 
this snbmodnle is therefore injective (the annihilator of 7 in Aei is the pnre snbmodnle 
with character xi + Xe)- Hence the previons eqnality implies also the eqnality 

7/9 = /j-gzattgei . 

In an entirely analogons way one finds scalars /ui, 112 C snch that, setting ai = 
1 + and a 2 = 1 + i' 2 l^ 2 ^y 2 , one gets the eqnalities 

5 rj = 112^20^2^1 ■) yS = 112Z2O2&2 ■) 

Xk = ll\Z\(l\e2 1 I^X = ll\Z\(X\€.g . 

Moreover, the eqnalities in 2.7 imply the following eqnalities: 

ag 5 = 5 , agT] = r] , 

aiX = X , aiK = K , 

021 = 7 , 02(3 = /3 . 

If we replace now (3 by ao/3, this is not going to change the properties stated in 2.6 and 
also this is not changing the relations over k of the qniver. Similarly, we can replace 
5 by a 2 fi and A by aiA. Then the generators /3, 7 , 5, rj, A, k still fnlfill 2.6, and in 
addition, we have now the following eqnalities: 

/37 = IlgZgeg , 7/3 = flQZgei , 

dr] = fi2Z2ei , rjd = fi2Z2e2 , 

Xk = fiizie2 , kX — fiizicg . 

We have to get rid of the scalars fig, fii, fi2- Since xs is the only character appearing 
in the characters of all projective indecomposable H-modnles we have 


/3dX = Sfie{x3)eo 
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for some fi E O. Then actually fi G because (35\ ^ 0. Moreover, (35\(3 = 8 fxe{x3)/3, 
and hence also 

5X(3 = 8ne{x3)ei ■ 

The same argument applied again yields 

Xf35 = 8ne{x3)e2 ■ 

Applying this argument to the arrows in the quiver in the opposite direction implies 
that there is n' E such that 

Krjx = 8//'e(x3)eo , 

rjjK = 8n'e{x3)e2 , 

XKV = Ve(X3)ei . 

Now (3dX — RXRX = Rfjx, and hence //' = //(I + u) for some u E J{0). Note that we 
can always multiply any of the generators by any scalar in 1 -\- J{0) without modifying 
the relations over k. Thus, if we replace by (1 +we may assume that fi' = fi. 
Since the set {k, kXk} is an (9-basis of eoAe 2 , we can write 

I3d = an + buXn 

for some unique scalars a,b E O. Multiplying this by A yields 

8/ue(x3)eo = /36X = anX -|- b{KX)‘^ = {afiizi -|- bii\zl)eQ . 

By comparing the coefficients at e(x 3 )eo and e(x 5 )eo of the left and right expression 
in this equality, we get the equations 

8/U = Aa^i -1- lQbii\ , 

0 = 2a/Ui -|- AbiJi\ . 

An easy computation shows that b = Moreover, since (3dX = we have a = 0 

and 6 = Ifc, hence 6 = -^ G 1 -|- J(0). By repeating the same argument we hnd also 

Ml 

that the coefficients are in 1 -f- J ((9). 

Next, we compute (36XKri'y in two different ways: on one hand we have 

{l35X){nr]x) = 64;U^e(x3)eo , 

and on the other hand we have 

/3{d{XK)r])x = HoHiH2ZoZiZ2e{x3)eo = 64;Uo/Ui//2e(x3)eo ■ 
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Together we get 

2 

Thus 44 = e 1 + J(0). Similarly, -Bl. ^ i + jfQY But then also 

= Ml g 1 4- J(C>). Since 2 G J(0) this implies that ^ G 1 + J{0). But then 
actually //2 = G 1 + JiO). Similarly, fxo, /Ui G 1 + J{0). So we can replace 

P by /Uq ^/?, or equivalently, we can assume that hq = 1. Similarly, we can assume 
that Hi = H 2 = 1- Then = 1. If /U = —1 we multiply all generators by —1; since 
2 G J{0)^ this does not change the relations over /c, but it does change the sign of any 
of the above expressions /?hA etc. involving three generators. Therefore, we can also 
assume that /U = 1. 

□ 

We can now prove Theorem C from the introduction. 

Proof of Theorem C. We assume a choice of generators of A fulhlling Proposition 2.8. 
We show that A satishes the relations given in Theorem C. Those in the hrst three 
lines are obvious. Since the set {«, kXk} is an (P-basis of 60^62, we can write 

/3d = an + bnXn 

for some unique scalars a,b E O. Multiplying this by A yields 

8e(x3)eo = /35X = okX + b{K,X)‘^ = (4a + 166)e(x3)eo + (2a + 46)e(x5)eo • 

By comparing the coefficients at e(x3)eo and e(x5)eo of the left and right expression 
in this equality, we get the equations 

8 = 4a + 166 , 

0 = 2a + 46 . 

Thus the coefficients a, 6 have values 

a = —2 , 6=1, 

and from this we get the following relation in the statement of Theorem C: 

(36 = —2k + kXk . 

In exactly the same way we get the following hve relations in the Theorem: 


?77 = —2A + XkX , 

5X = -27 + 7/^7 , 
KT] = -2(3 + (3'-^(3 , 
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\(3 — —2r] + r]Sr] , 

-yK — —26 + 5r]5 . 

A similar technique is going to yield the remaining relations: write 'yPd = cd + ddrjd for 
some unique c^d & O] as before, this is possible since {d,drjd} is an (9-basis of eiAe2. 
Multiplying by rj yields 


'y/36ri = cdrj -\- d{5'rff‘ = 0^261 + dz^ei . 

The left side is equal to {'y/3){dr]) — zoZ 2 ei, so comparing coefficients yields now 

16 = 4c -|- 16d , 

0 = 2c + 4d , 

and this implies c — —4 and d = 2. Thus we get indeed 

7/9h = —45 25rj5 

as claimed. The remaining relations of this type follow in exactly the same way. 

Now consider the last three relations. Write (35\(3 — r(3 + s/?7/d, for r, s E O. Then 
(35X(3'j — rfd'-y -I- S/I7/I7. So 

32e(x3)eo = (4r + 16s)e(x3)eo + (2r + 4s)e(x4)eo 

which yields s = 4 and r = —8. The remaining two relations follow in exactly the same 
way. Thus A satishes all relations given in Theorem C. 

Let A be the (9-algebra described by the generators and relations given in Theorem 
C. There is a surjective algebra morphism from A to A. In order to show that A and A 
are isomorphic it suffices therefore to show that the cardinality of a minimal generating 
set for A as an (9-module is at most 24. Thus it suffices to check that the set 

S :={eo,ei,e2,/3,7, 5,?7, A, 

/I7, 7/1, h?7, ryJ, \k, kX, 

(3^13, 7/I7, drjd, rjdrj, XkX, kXk, 

(35X, dX(3, Xpd} 

spans A as (9-module. This is an easy consequence of the given relations; we give some 
details for the convenience of the reader: Let 


g = {eo,ei,e2,/l,7,5,^, A,^«} 


From the given relations it is immediate that for any two elements x, y of Q, xy 
is in the (9-span of S. Thus it suffices to show that for any two elements x, y of 
g — {60,61,62} and any element n. of iS — {60, 61,62,/I, 7, 5, ?7, A,«:}, xu and uy are 
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in the (9-span of S. From the given relations we may also assnme that u is one of 
/37/3,7/37, 5r]5^ rjSr], AkA, kXk or one of /3(5A, 5A/3, X/36. 

First, note that the relations kt] — —2/3 -|- /37/3 and dX = —27 -)- 7/37 give that 
Krj'j — (35X. Similarly, we get 777K = A/35 and = 5A/3. 

Now suppose u = (3^(3. Then we may assume that x is one of 7 or A and that y is 
one of 7 or 5. The relation kt] = —2/3 -|- (3^(3 gives = —27/3 -|- 7/37/3, hence 7/37/3 
is in the (9-span of S. The relation kt] = —2/3 -|- (3^(3 also gives Xnrj = —2A/3 -|- A/37/3. 
It follows from the relation Xnr] = —Arj -\- 2?y5ry that X{3^P is in the (9-span of S. We 
show similarly that (3^(3'^ and P'yPS are in the (9-span of S. 

The cases u — 7/37, 5?y5, rjdrj, AkA, kXk are handled analogously. 

Now suppose u — /35A. Then we may assume that x is one of A or 7 and y is one of 
/3 or K. The relation A/35A = —8A-|-4 AkA shows that A/35A is in the (9-span of S. From 
the relation 7/35 = —45 -|- 2dr]d we get 7/35A = —45A -|- 2drjdX. From y^ = —25 -|- Srjd, 
we get drjdX = ■jKX + 2dX. Hence 5ry5A is in the (9-span of S, and so is 7/35A. We argue 
similarly to show that /35A/3 and PSXk are in the (9-span of S. 

The cases u = 5A/3 and u = A/35 are handled in the same fashion. □ 


Remark 2.9. An interesting consequence of 2.5 is the structure of eAe for any prim¬ 
itive idempotent e in A. We have an (9-algebra isomorphism 

eAe ^ 0[X, Y]/ < X‘^ - - 2{X - T) , XY - 2X'^ + dW > ; 

indeed, we may assume that e = cq, and then the assignment X 1—> zoCq, Y h->■ ziCq 
induces the required isomorphism. In particular, we have an isomorphism of /c-algebras 

eAe = k[X, Y]/ < X‘^ -Y‘^ , XY > . 

This is, by Erdmann [6, III.l, III.3], up to isomorphism the unique 4-dimensional sym¬ 
metric /c-algebra which is not isomorphic to the group algebra of the Klein four group. 
One might be tempted to ask whether any symmetric (9-algebra is the endomorphism 
algebra of some projective module of some block algebra. 
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